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ELLIPTIC DIFFERENTIAL EQUATIONS WITH 
MEASURABLE COEFFICIENTS 

DOYOON KIM AND N.V. KRYLOV 

Abstract. We prove the unique solvability of second order el¬ 
liptic equations in non-divergence form in Sobolev spaces. The 
coefficients of the second order terms are measurable in one vari¬ 
able and VMO in other variables. From this result, we obtain the 
weak uniqueness of the martingale problem associated with the 
elliptic equations. 


1. Introduction 

We study the Lp-theory of the elliptic differential equation 

a^^{x)uxix>=ix) + V {x)uxj{x) + c{x)u{x) = f{x) in (1.1) 

where a^^{x) are allowed to be only measurable with respect to one 
coordinate, say x^ G M, where x = x') G x' G 

It is well known that if the coefficients are only measurable, then 
there could not exist a unique solution to the above equation even 
in a very generalized sense (see miiini). We are interested in more 
regular solutions. In 1967 Ural’tseva (see [7] or the original paper 
ca) constructed an example of an equation in for d > 3 with the 
coefficients depending only on the hrst two coordinates for which there 
is no unique solvability in with p > d (for any d> 3 and p G (1, d) 
this was known before). 

Thus in order to have the unique solvability of the equation in fUp, 
we have to impose some (regularity) conditions on the coefficients 
The most classical case is when are uniformly continuous. We can 
also have piecewise continuous or VMO coefficients. For details, see 

[D n 11013 uni- 

In this paper, we show that there exists a unique solution to the above 
equation in Wp, p G (2,cx)), under the assumption that a^^{x^,x') are 
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measurable in G M and VMO in x' G See Assumptions 12. Il 

and o below. If the coefficients are independent of x' G ^ 
(more generally, uniformly continuous in x' G see Remark 12.fill , 

then the equation is uniquely solvable in W 2 as well. In addition, 
we show that one can easily solve the equation with the Dirichlet, 
Neumann, or oblique derivative boundary condition in a half space, 
say = {(x^,x') : x^ > 0,x' G using the results for equations 

in the whole space. 

The class of coefficients we are dealing with is considerably more 
general than those previously known, as long as p G [2,cx)). It actu¬ 
ally contains almost all types of discontinuous coefficients that have 
been investigated so far. For example, it contains the class of piece- 
wise continuous coefficients investigated in HEUi It also contains 
VMO coefficients with which elliptic equations were investigated in 
Also see the monograph ng, which treats elliptic and par¬ 
abolic equations with discontinuous coefficients including oblique de¬ 
rivative problems with VMO coefficients. Although, we also slightly 
touch the oblique derivative problem, we do not say anything about 
many important issues of equations with VMO coefficients, which are 
discussed, for instance, in Hg, pg, pg. 

The highlight of our assumptions on the coefficients would be: 
no assumptions on the regularity of the coefficients with respect to one 
variable as far as they are uniformly bounded and elliptic. Having only 
measurable coefficients (as functions of x^ G M), we obtain the L 2 - 
estimate for the equation by using the usual Fourier transforms. Based 
upon this estimate, we establish the Lp-estimate, p G (2, 00 ), using the 
approach initiated by the second author of this paper (for example, see 
(Hj). In this approach we make use of a pointwise estimate of sharp 
functions of second order derivatives of the solution. As noted in [B], 
thanks to this method, we do not need any integral representations of 
the solution nor commutators, which were used, for example, in nQ 
Especially, we deal with VMO coefficients in a rather straightforward 
manner. 

One good motivation to consider the above equation in the whole 
space is to prove weak uniqueness of stochastic processes associated 
with the elliptic equation. As is shown in piTH]. we can say that weak 
uniqueness of the processes holds true once we hnd a unique solution 
of the elliptic equation in Wp, p > d. More details are in p up. 

The paper is organized as follows. In Section El we state our main 
results. The unique solvability of the equation in W 2 is investigated 
in Section El In Section 01 we present some auxiliary results which are 
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used in Section El where we finally prove the -estimate, p G (2, cx)), 
for the equation. 

The authors are sincerely grateful to Hongjie Dong who pointed out 
an omission in the first draft of the article. 

2. Main results 

We are considering the elliptic differential equation (HH) where the 
coefficients a-^^, V, and c satisfy the assumptions below. 

Assumption 2.1. The coefficients a-^^, V, and c are measurable func¬ 
tions defined on W^, There exist positive constants 5 G (0,1) 

and K such that 

\V{x)\ < K, |c(t)| < K, 

d 

j,k=l 

for any a: G and G 

To state another assumption on the coefficients, especially, a = 
we introduce some notations. Let = {y' G : \x' — y'\ < r} 

and Qr{x) = Qr{x^,x') = {x^ — r,x^ + r) x B'^{x'). Denote 

px^-\-r p 

o?,Cx'{a,Qr{x)) = r~^\Bl\~‘^ / / \a{t,y')—a{t,z')\dy'dz'dt, 

Jx^—r J y'^z'£B'^{x') 

= sup sup osCa;/(a, Qr(a^)), 

r<R 

where |i?'| is the d — 1-dimensional volume of B'^{0). We write a G 
VMO^> if 

lim =0. 

R^o ^ 

We see that a G VMOx' if a is independent of x'. 

Assumption 2.2. There is a continuous function u!{t) defined on 
[0, oo) such that a;(0) = 0 and ^ < lj{R) for all R G [0, cxd). 

Remark 2.3. It will be seen from our proofs that in Assumption 12.21 

the requirement that a;(0) = 0 can be replaced with a;(0) < 

where Ni = Ni{d, 6,p) and z/ = u{p) are the constants entering (I5.b|l . 

As usual, we mean by Wp /c = 0,1,..., the Sobolev spaces on 
Set Lp = Lp^), and 

Lu{x) = {x)Ux3 xk{x) + V {x)Uxi{x) -1- c{x)u{x). 

Here are our main results. 
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Theorem 2.4. Let p G (2, cx)). Then there exists a constant Aq, 
depending only on d, 6, K, p, and the function u, such that, for 
any A > Aq and f E Lp, there exists a unique u G Wp satisfying 
Lu — Xu = f. 

Furthermore, there is a constant N, depending only on d, 5, K, p, 
and the function oo, such that, for any A > Aq and u G Wp, 

A||m||lp + + ll^xxIUp < N\\Lu - Xu\\l^. 

This theorem obviously covers the case in which the coefficients 
are independent of x' G However, in that case we can allow 

p = 2, which is detailed in the theorem below. Throughout the paper, 
we write N = N{d, ...) if iV is a constant depending only on d,.... The 
following theorem can be basically found in [3]. We give it a different 
proof that seems to be somewhat shorter and more general. 

Theorem 2.5. Let the coefficients he independent of x' G 
Then there exists a constant Aq = Ao(d, 6, K) such that, for any A > Aq 
and f E L 2 , there exists a unique u E Wf satisfying Lu — Xu = f. 

In addition, there is a constant N = N{d, 6, K) such that, for any 
A > Aq and u E Wf, 

A||m||l2 + v^hxll L 2 + II IIL 2 <iV||Ln-An|U,. (2.1) 

Remark 2.6. Theorem 12.41 leads to the weak uniqueness of solutions 
of stochastic differential equations associated with the operator L. For 
details, see [THIIH]. Theorem 12.51 clearly remains true under the assump¬ 
tion that a^^{x^,x') are uniformly continuous as functions of x' E 
uniformly in x^ E M. 

Three more results deal with the equation Lu — Aw = / in the half 
space 

= {x eR’^ : x^ > 0}. 

Their proofs show the advantage of having the solvability in of 

equations whose coefficients are only measurable in one direction. In 

0 

what follows, we denote by the collection of all u E IT^ 

satisfying m(0,x') = 0. 

Theorem 2.7. Let p E [2, 00). If p = 2, then suppose, additionally, 

that the assumption in Theorem I ^.,51 is satisfied. Then there exists a 

constant Aq = Xo{d,6, K,p,uj)> 0 such that, for any A > Aq and f E 

0 

LpfR'^), there exists a unique u E hFp(M!(_) satisfying Lu — Xu = f. 
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Furthermore, there is a constant N = N{d, S, K, p, ui) such that, for 
any A > Aq and u G Wp{R'^), 

-^il'*^llLp(IR^) + ^^ll'^a:||l,p(Kd) + ||||Lp(R^) < N\\Lu — AM||^^(Rd ). (2.2) 


Proof. We introduce a new operator Lv = d^^v„,j„,k + + cv the 

coefficients of which are as follows. First we view the coefficients 
td, and c as functions dehned only on Then we dehne a-^^, If, and c 
to be the odd or even extensions of the original coefficients. Specihcally, 
if j = k = 1 or j, fc G {2,... ,d}, then (even extension) 

''jk( \ _ f if > 0 

^ I a^^{—x^,x') if < 0 


If j = 2,..., d, then (odd extension) 


d^^{x) = d^^{x) 


a^^{x^, x') if > 0 

—a^^\—x^,x') if < 0 


Similarly, the coefficient if{x) is the odd extension of &^(x), and the 
coefficients V{x), j = 2,... ,d, and c(x) are the even extensions of tf{x) 
and c(x), respectively. 

Now we notice that the coefficients of L satisfy Assumption 12.11 and 

12.21 with 2 a;. Then by Theorem 12.41 and 12.51 we can hnd a constant 

Ao = fo{d,6, K,p,uj) such that, for any A > Aq, there exists a unique 

u G Wp satisfying Lu — Xu = /, where / G Lp is the odd extension 

of / G Lp(M;^). Obviously, —u{—x^,x') G Wp also satishes the same 

equation, so by uniqueness we have u{x^,x') = —u{—x^,x'). This 

0 

implies that u, as a function dehned on is in the space hFp(M^(_). 
Since Lu — Xu = f in the function u is a solution to the Dirichlet 
boundary problem. 

To prove uniqueness and the estimate (EH, we use the estimates in 

Theorem 12.41 and 1231 and the fact that the odd extension of an element 
0 

in hFp(M^) is in Wp. The theorem is proved. □ 


In the same way, only this time taking the even extension of /, one 
gets the solvability of the Neumann problem. 


Theorem 2.8. Let p G [2, cx)). If p = 2, then suppose, additionally, 
that the assumption in Theorem 1.2. dl is satisfied. Then there exists a 
constant Aq = Xo{d,6, K,p,uj)> 0 such that, for any A > Aq and f G 
Lp(W^), there exists a unique u G Wp (M!(.) satisfying Lu — Xu = f and 
Uxi = 0 on 
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Furthermore, there is a constant N = N{d, 6, K, p, u) such that, for 
any A > Aq and u G (MJ^) satisfying = 0 on 

-^l|■*^llI,p(Rd) + + ||Mxx||Lp(M^) ^ N\\Lu — Aw11(ffid ) • 


While the Neumann problem is solved without any effort, oblique 
derivative problems need some, still simple, manipulations. 

Let £ be a constant vector field i = - where > 0. Set 

s = 1 — 1/p and recall that g G if 

Ill'll Wp^Rd-i) = ||5'||Lj,(]Rd-i) + < OO, 


where 


\9{x') - g{y')f 

1^/ —l“|~sp 


dx' dy'. 


Theorem 2.9. Let p G [2,oo). If p = 2, then suppose, additionally, 
that the assumption in Theorem Ifl.dl is satisfied. Then there exists a 
constant Aq = Xo{d,6, K,p,uj,i)> 0 such that, for any A > Aq, / G 
Lp{Wl), and g G there exists a unique u G 

satisfying Lu — Xu = f and P u^i = g on . 

Furthermore, there is a constant N = N{d,S,K,p,uj,i) such that, 
for any A > Aq and u G 


-^II'*^IIlp(R/) + ^^ll'*^a;||Lp(R^) + II'*^3;3 ;||lp(R^) 

< N [\\Lu — An||^^(Rd) + (A V l)®/^||p||ip(Rd-i) + [g]s^ , (2.3) 
where A V 1 = max{A, 1}, s = 1 — 1/p, and g{x') = P u^jifi^x'). 

Proof. We can assume that P = 1. To introduce a new operator 

Lv = di^Vxjx*^ + PvxJ + cv, 
we use a linear transformation 



T 

1 

to 

+ 

H 

to 

Set 

“ - I a^-^(x; 

) if x^ > 0 
) if x^ < 0 

where 

d 



a^^[x) = ^ ifP 

plial\p{x)) 


r,/=l 


Also set 




f P{x) if > 0 c(a:) if > 0 

I P (x) if x^ < 0 ’ I c(x) if x^ < 0 ’ 



ELLIPTIC EQUATIONS WITH MEASURABLE COEFFICIENTS 


7 


C{X) = c{Lp{x)). 

r=\ 

Notice that the coefficients satisfy the uniform ellipticity condition 
with N6 in place of 6, where N depends only on i. Also Assumption 
12.21 is satished with Nu in place of uj, where N depends only on i. 

After this preparation we are ready to prove the hrst part of the 
theorem. Consider a differential equation 


Lw - Xw = /a (2.4) 

in where fy is dehned as follows. 

One knows (see, for instance, Theorem 2.9.1 of CBI) that for each 
g G Wp{W^~^) there is a function v G lTp(M!^) such that n = 0 and 
Vxi = g{x') on dM.'^ and, for a constant N independent of g 

ll'^^ll^ ills'll(2-5) 

It follows by using dilations that for any g G and A > 0, we 

can hnd v G IT^ (M!^) satisfying n = 0 and v^i = g on and 

'^lkllLp(Rd) + ^Ik^^llipCRd) + ll'*^a;a;||Lj,(Rrf ) < N |fy|fyp(Kd-l) + , 

( 2 . 6 ) 

where N depends only on d and p. We take this v and set 




f{x) — 2Lv + 2Xv if > 0 
f{(p{x)) if < 0 


(2.7) 


Using Theorem 12.41 and 12.5L we hnd a unique solution w G Wp to (12.4j) 
for A > Ao, where Aq = Xo{d,6, K,p,uj,£) is a constant corresponding 
to the operator L. 

Let u'^ be a function on dehned by = tc + 2v. Also let u~ be 
a function on 

Ml = {(xla:') : < 0,x' G M'^-fy 

dehned by u~{x) = u'^{ip{x)). We claim that w = u~ in Ml. This 
simple fact follows from the uniqueness of solution to the equation 
Lw — Xw = f\ in Ml, proved in Theorem 12.71 Indeed, obviously, 
t<;(0,a;') = u~{0,x') and it is also easy to check that ip{ip{x)) = x and 
Lu~ — Xu~ = /a in Ml. 

Hence on 5Ml 


= {u^{ip))x^ = -nil - 2 ^Fm+. 

i>2 
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On the other hand, w = — 2v on and on 

w^i = u\ — 2u„i = u\ — 2q. 

It follows that on d'R‘1 it holds that i^u^j = g and since G 
we have proved the existence of the desired solution. 

To complete the proof, we now prove only (EH, which implies unique¬ 
ness. Take a m G hTp(M^) and set g{x') = P Uxj{0,x'). Then for each 
A > Ao = \o{d,6, K,p,uj,i), we hnd an extension v G of g 

satisfying v = 0, v^i = g on and the estimate (EH or ()2.5|) de¬ 

pending on whether A>lorO<A<l. Dehne w = u — 2v in and 
w{x) = u{(p{x)) in Ml. Then ta(0-l-,x') = tc(0—,a:') and 

M; 3 ,i( 0 -f-,a;') = u^i{0,x') - 2g{x') = -u^i{0,x') - 2'^fu^j{0,x'), 

i>2 


ta 3 .i( 0 — , x') = — 'U 2 ,i( 0 , x') — 2 Puxj(0, x') = ta 3 ,i( 0 -t-, x'). 

i>2 

It then follows that tc is a function in satisfying Lw — Xw = f\, 
where fx is dehned as in (EH with / := Lu — Xu. Hence by Theorem 
EH and EH we have 

+ V^lkxIUp + \\Wxx\\Lp < NWfxWip, 

where N = N{d,S,K,p,uj,i). This, together with the estimates ()2.5j) 
and EH, implies (EH) for A > Aq. For A = Aq we get (EH by conti¬ 
nuity. □ 

Remark 2.10. Let i{x') = {i^{x'),..., i^{x')) be a bounded vector 
held dehned on R'^“^ such that i{x') G e > 0, and 

i^[x') > K > 0. Then using the well-known techniques - freezing 
coefficients, partition of unity, and the method of continuity, we can 
replace the constant vector held i hy ^{x') in the above theorem. Details 
can be found in HD]. 

Remark 2.11. A result similar to Theorem 12.91 holds if we replace 
the boundary condition = g with + <JU = g, where a is 

a constant. Indeed, again assuming that = 1 it is easy to hnd an 
inhnitely diherentiable bounded function h{x^) having bounded deriva¬ 
tives and bounded away from zero such that h'(0) = —ah[0). Then 
ioT V = u/h we have = g/h on c}R^J_ and Lu — Xu = h{Lv — An), 
where Lcj) := h~^L{h(j)) is an elliptic operator satisfying our hypotheses 
with a slightly modihed K. 
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3. Proof of Theorem 12.51 

Thanks to the method of continuity and the denseness of 
in W 2 , it suffices to prove the apriori estimate (12.Ij) for u G 
and that are sufficiently smooth. In addition, on the account of 
possibly increasing Aq one sees that it suffices to prove (I2.1|l for 6 = 0, 
c = 0, and Aq = 0. In that case set 

f = Lu — Xu. (3.1) 

For functions we denote by (j){x^,^), ^ G its Fourier 

transform with respect to x'. By taking the Fourier transforms of both 
sides of we obtain 

stUx^x^ T i 2 b'U 3 ,i — cu = f ^ 


+ i2bh3;i — cu = g, 


where i = ^/—l and 

d 

a(x^) = b(x\0 = b = a~^b, 

1=2 

d 

= X] +A, c = a"^c, g = a~^f. 

j,k=2 

Lemma 3.1. ITe have 

5 < a = |b(a;\OI < 


(3.2) 


r^(|eP + A)>c(a:\0>5|eP + A, (3.3) 

a(xi)c(x\0-b^(^\0><5^(ler + A). 


Proof. We prove only the last inequality. From Assumption 12. IL we 
have 

5{d + |,^|^) < a(a;^) + 2 b(a;\ f)t + c{x^,^) - A. 

for alH G M and f G In particular, 

(a(x^) — 6) d + 2 b(x\ ^) t + c(x\ ^) — — A > 0. 

This implies that 

b^(a ;\0 - (a(^^) - <^) (c(a :\0 “ - A) < 0 . 

From this and (Q the result follows. □ 
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Lemma 3.2. For any ^ G 

(lei' + A) / |i2.i|'rfx' + (|er + A|er + A2) / \u\^dx^ <N{6) [ \f\^dx\ 
«y M. «/ M. «/ M 

(3.4) 





^dx^ < N{6) 


\f\^dx\ 


(3.5) 


Proof. Estimate (ESI) is a direct consequence of equation (I3.2|l (allowing 
one to express through /, Ux^, and u), dH, and (Q. 

While proving dH we dehne a function 0(x^,^) by 0(0,^) = 0 and 
(pxi = b and set p = Then from dH we see that 

Pxixi + (b^ - 10x1x1 - c)p = 

Multiply both sides by p and integrate the result with respect to x^. 
Integrating by parts shows that 


\PxA^dx^+ /(b^ 


C M 


' dx^ = / gudx^. 


Taking the real parts of both sides and multiplying by + A, we have 

[ (ie|2 + A)ip.4pdx^+ [ {c - + \)\pa dx^ 

«/ M. «y M 


= - + A)3?(5'm) dx\ 

Jr 

Note that for any e > 0 

-(ler+A)3fj(^h) < £(ier+A)2|Mr+ 

From this and Lemma ED we obtain 


(ler + A)|p.i|^ dx^ + (6^- e)(|e0 + A)0 m0 dx^ < e 


.-1 


|2 J.„l 


dx . 


By choosing an appropriate e > 0 (e.g. e = S'^/2), we arrive at 


[ + X)\p^,A dx^ + [{\fA + X\fA + X^)\uAdx^<N{S) [ IfAdxA 

It only remains to observe that in light of (USD 

|hxi| = IPxI - iba“^Me*'^| < Ip^^il + A^(5 )|^||m|. 


□ 
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Now we can finish the proof of Theorem 12.51 As we pointed out in the 
beginning of the section we only need to prove (I2.1|l for u G 
smooth a*-^, 6 = 0, c = 0, and Aq = 0. 

In that case it suffices to add (D and (USD, integrate over ^ 
and use Parseval’s identity. The theorem is proved. 

Remark 3.3. We have just proved that if h' = c = 0, then 

•^ll'*^IU2 + V^II'*1 x||l2 + II IIL 2 < A^||Lm - Am||l2 

for u G W 2 and A > 0, where N depends only on <5. 


4. Auxiliary results 


Here we state and prove a series of observations which are needed 
in the proof of Theorem 12.41 First we introduce some notation. As 
usual, we set Br{xo) = {x G : \x — xo| < r} and Br = Br{Q). By 
\Br\ we mean the d-dimensional volume of B^. We denote by |m|o the 
supremum of u over W^. 

Throughout this section, we assume that 

Lu{x) = Lqu{x) = a^^{x^)uxixi^ix)- 
Our hrst auxiliary result is the following. 


Lemma 4.1. There exists N = N{d, 5) such that, for any u G Wf{BR) 
with u\dBii = 0, we have 






dx + 


\u\ 


'dx<NR^ \Lu\‘^dx. (4.1) 


'Bf, 


'Bf 


>B, 


Proof. Assume that gH) is true when R= 1. For a given u G Wf{BB) 
with u\dBii = 0, we set 


Lr = a^\Rx) 


dxWx^ 


and v{x) = R ‘^u{Rx). 


Then v G hF 2 ^(i?i) and Lrv{x) = {Lu){Rx) in Bi. Since Lr satishes 
the same ellipticity condition as L does, we have 




nP dx 


<NR^+^ [ \LRv\^dx 

J Bi 


NR^ [ \Lu\^dx. 
Jbr 






vj\^ dx 


Also 
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<NR^+‘^ f \LRv\^dx = NR^ f \Lu\^dx. 

J B\ J Bji 

This shows that we need only prove the lemma for R = 1. 

In that case we can divide L by and may assnme that a}^ = 1. 
Then we integrate uLu over Bi using integration by parts to find 


5 



Ux\^ dx < 



dx 


uLu dx 


'Si 


< ( / dxY^"^ (y f {LuY dx^^'^. 

J Bi JBi 

We estimate the integral of v? through that of \ux\^ by using Poincare’s 
inequality and obtain the needed estimate for Ux- This is the only 
estimate we need to prove since u is estimated by Ux again owing to 
Poincare’s inequality. 

□ 


The following lemma is almost identical to a theorem in For 
completeness, we present here a proof. 

Lemma 4.2. Let t) < r < R. There exists N = N{d,6) such that, for 

W e Wf{BR), 

\\w\\wi{Br) < N {\\Lw - wWl^^Bo) + {.R- ry^WMWBR)) ■ 

Proof. Let 

m ^ 

Ro=r, R^ = r + {R-r)^—, m=l,2,..., 

k=l ^ 

Bm = {x G : \x\ < Rm}-, m = 0 , 1 ,.... 

Also let Cm £ such that C,m{x) = 1 in Bm, (m(x) = 0 outside 

of Bm+i, and 

2^2m-\-2 

|(Cm)a;|o < ^ l(Cm)x 3 ;|o < ^ _ ^,^ 2 ’ 

where N depends only on d. To construct them take an infinitely 
differentiable function g{t), t G (—C) 0 , cx)), such that g{t) = 1 for f < 1 , 
g{t) = 0 for f > 2, and 0 < 5 ^ < 1. After this define 

Cm{x) = - r)"^(|x| - Rm) + 1). 
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Now we make use of the L 2 -estimate of Cm it, which is from Re¬ 
mark El as follows. 


\w 


— IlCmirll^l < A^||(L — l)CmlT||L2 


2^^!,+ ! ‘22m-\-2 

< N\\{L-l)w\\L2{Ba)+N^-^\\w^\\L2{Bm+i)+^J^—:^\\ w\\l2(Br), 


{R-rf 


(4.2) 


where N depends only on d and 6. By interpolation inequalities 

\\Woc\\l2{B^+i) < £\\Wxx\\L2{Bm+i) + ^^~^\\w\\L2{Bm+i), 
where £ > 0, and N depends only on d (by using a dilation argument 
we can take a constant N which does not depend on the radius of 
Rm+i)- Thus the right hand side of the inequality (j4.2|l is not greater 
than 

22771+2 

N\\{L-l)w\\L2(Bii)+£\\wxx\\L2{Bm+i) + ^^ ^ \\M\l2{Br), (4.3) 

where 0 < £ < 1 and N depends only on d and 6. Set 

■^m • 1 + II lyl (Bm) ’ ^ ■ II ^)^\\ L2{Bji)i and C . | + ||L2(Sii)- 

Then from (gH) and dOI), we have 

22m+2 

< Ne^B + + Ne^-^— --C. 

[R — ry 

Choose an e such that 0 < 4e < 1 , and notice that Am < 1+1+ 2 ( 5 ^ 5 )- 
Then we have 

c-2 


e^Am < ivs e^^^Am+i 

771=0 771=0 777=0 

This clearly hnishes the proof. 


+ N 


(R-r) 




m+l 


m=0 


□ 


Remark 4.3. Using the dilation argument as in the proof of Lemma ETl 
we have 


-^l + IU2(Rd + V^I+x||l2(S,) + \\Wxx\\L2iBr) 

< N {\\Lw - Xw\\l 2 {Br) + {R- t)”^|+||l 2 (Bh)) 

for any A > 0, where N depends only on d and 6. In particular, by 
letting A —> 0, we have 

\\Wxx\\L2{Br) < N {\\Lw\\l 2 {Bi,) + {R- r)~‘^\\w\\L 2 {Bn)) ■ (4-4) 

In the next few lemmas, we investigate some properties of a solution 
h of the equation Lh = 0. Recall that the coefficients of the operator 
L do not depend on x' G 
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Lemma 4.4. Let 7 = ( 7 ^,..., 7 '^) be a multi-index such that 7 ^ = 
0, 1 , 2 . Also /et 0 < r < i? < 4. If h is a sufficiently smooth function 
defined on B 4 such that Lh = 0 in B 4 , then we have 



D'^h\^dx<N [ \h\‘^dx, 
Jbr 


where N = N{d, S, 7 , R, r). 

Proof. Set 7 ' = (0, 7 ^,, 7 “^) and notice that 

L{D^'h) = 0, that is, (L - l)D^'h = -D^'h in B^. 


Then by Lemma f4.21 


where r < ri < R. If | 7 '| = 0, then we are done. Otherwise, we can 
consider a multi-index 7 " having at least one component less by one 
than the corresponding component of 7 '. Then, L{D'^ h) = 0 and 


where r < ri < r 2 < R. We repeat this argument as many times as we 
need. The lemma is proved. □ 


Denote by h^ a generic derivative h^j, j = 1,..., d, and h^' a generic 
derivative h^j, j = 2,... ,d. Thus, for example, h^^' can be h^j^k where 
j G { 1 , 2 ,..., d} and /c G {2,..., d}. 

Lemma 4.5. Let h he a sufficiently smooth function h defined on B 4 
such that Lh = 0 in B 4 . Then we have 

sup \h^xx'\^ <N \h\‘^dx, 

Bi J B 3 

where N = N{d,S). 

Proof. Imagine that we have 

sup \h^fi < N{d, 5 )\\h\\L^(B 3 / 2 )- (4.5) 

Bi 

Then using the fact that Lh^/ = 0 we would obtain 

sup jhx'xxl ^ .^11 ^ 3 ;'II L 2 (S 5 / 2 ) 

Ri 

and it would only remain to appeal to Lemma 14.41 
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Therefore, it suffices to prove (1131). To do that, we hrst hx an integer 
k such that k — {d — l)/2 > 0. Then due to the Sobolev embedding 
theorem, we can hnd a constant N such that, for each —1 < < 1, 


sup I(x ,x)| )')llwt(-B5) 

|x'|<l 


and 

sup \h^,^i{x^,x')\ < N\\h^,^i{x^ 
h'|<i 

where B[ = {x' G : |x'| < 1}. Set g to be either hx'x^x^ or hx'x^- 
Then 


sup |^(x\x')|^dx^ <N j ||^(x\.)||^,(^,.dx^ 
'-1 |x'|<l J-l 


<N Y . iio’aiil,b.). 

|7|<fc+3 

1<7^<2 


From this and Lemma lOI we have 


/ sup \hxix^x^ 
'-1 |x'|<l 


dx^+ sup < iV||h||| (4.6) 


where iV depends only on d and 6. Now we notice that, for x^,y^ G 

[- 1 , 1 ], 


sup |h,^/^i(x\x')| - sup \hx'x^{y\x')\ 

ry^ 

< sup \hx'x^{x^,x') - hx'x^{y^,x')\ < / sup \hx'x^x^{t,x')\dt 

< \x^-y^\^/‘^ ( [ sup \hx>x^x^it,x')\‘^ dt 
\J~1 li;'|<l 



This and (031) imply 

sup \hx'xi{x^,x')\ < iV||h||L2(U5,2) - 2/Y^^ + sup Ihx'x^iv^, x')\. 

|x'|<l |a:'|<l 

Take integrals of both sides with respect to y^, and take a supremum 
over x^. Then 



sup \hx'x^{y\x')\dy^ 

|x'|<l 


sup \hx'x^{x)\ < iV||h||i2(B ) + 

x&Bi 

< 1\^||^||l2(B5/2), 
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where the last inequality follows from (gH), and N depends only on d 
and 6 . Similarly, we follows the same steps as above with hx'x>x^ and 
hx'x' in place of h^'x^x^ and hx'x^i respectively. Therefore, we have 

sup \hx'x{x)\ < N{d, 5 )\\h\\L 2 (B^/^). 

x£Bi 

Finally, using the fact that we hnish 

the proof of (ira . □ 

Denote by {u)Br(xo) fh® average value of a function u over Br{xo), 
that is, 

{u)Br{xo) = / u{x) dx = I u{x) dx. 

J Br{xo) l-^rl JBrixo) 

Let u G and / := Lu. Assume that a^^{x^) are inhnitely 

differentiable as functions of x^ G M. Then we can hnd a sufficiently 
smooth function h dehned on i ?4 such that 

r Lh =0 in i ?4 
\ h = u on dB^ ' 

For this solution h, we establish the following inequality. 


Lemma 4.6. There exists a constant N = N{d,d) such that 

sup Ihxxx'l"^ < N \f\‘^dx + N \uxx\‘^dx. 

J B4^ j 

Proof. Dehne 

u\=u- ub^ - {uxi)BiX'’ in i? 4 , 

h := h - Ub^ - {Uxi)BiX" in B^. 

Then 


Lu = /, Lh = 0 in B 4 and h = u on dB^. 
By Lemma [4.51 we see that 


suplhxxx'l'^ = sup\hxxx'\‘^ < N / \h\'^dx. 

Bi Bi Jb3 


Let ?7 be a function in such that ri{x) = 0 in i ?3 and ri{x) = 1 

at dB^. Then h — rju^ hF2^(i34) and h —rju = 0 on dB^. Therefore, by 
Lemma mu 



\h — r]u\‘^ dx < N{d, S) / \L{r]u)\‘^ dx. 


IB3 


'Bi 
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Note that 

Lijju) = rjLu + 2a''^ri^iU^j + uLrj 

= r]f + - {u^j)Bi) + (u - ub^ - {u^i)B^x")Lr]. 


Hence we have 



\L{'qu)\^ dx < N [ + \u^j - {u^j)Bi\‘^)dx 

JBi 


+N / \u — ub 4 ^ — {u^i)B 4 ^x''\‘^ dx < N / \f\‘^dx + N 


U. 


' dx, 


'Bi 


'Bi 


iBi 


where the last inequality follows from Lemmas 3.1 and 3.2 in [^, and 
N depends only on d and 6 . The lemma is proved. □ 


Lemma 4.7. Let k > A, and r > 0. Also let a^^{x^) be infinitely 
differentiable. For a given u G we find a smooth function h 

defined on such that Lh = 0 in Bf^r and h = u on dB^r- Then 
there exists a constant N = N{d,6) such that 



{hxx')Br ^ 


{\Lu\'^)b^^ + {\Uxx 



(4.7) 


Proof. Using the dilation argument as in the proof of Lemma 14.11 we 
see that we need to prove only the case r = 1. In that case we hrst 
observe that by using the same dilation argument and Lemma [4.(4 we 
have 


sup \hxxx'\^ < Nk ^ 
Bn/i 


{\Lu\ ) + {\Uxx\ ) 


where N depends only on d and 6 . Now we need only observe that 
fi:/4>l,r = l, and the left hand side of the inequality ()4.7|1 is not 
greater than a constant times sup^^ Ihxxx'l"^- The lemma is proved. □ 


Using the results obtained above, we will dually arrive at 


Lemma 4.8. There exists a constant N = N{d,6) such that, for any 
K > 4, r > 0, and u G we have 



Mxx'- {\uxxf)■ (4.8) 


Proof. We can assume that a^^{x^) are infinitely differentiable. In that 
case, we hnd a sufficiently smooth h dehned on B^r such that Lh = 0 in 
B^^r and h = u on dB^r- Note that L{u — h) = Lu in and m — h = 0 
on dBf^r- From Lemma sn we have 



(.hx 


iBr 


' dx < Nn 


-2 


{\Lu\ ) + {\Uxx\ ) 




(4.9) 
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On the other hand, from estimate dOD we have 

\u,r.fr'—K.T'\‘^dx<N( I \Lu\‘^ dx + r~^{K — 1)~'^ 


^ Br 


\u — hp dx ) . 






Moreover, by Lemma f4. II 


\u — h\^ dx < N {ktY / \Lu\^ dx. 




>B^ 


Hence 


Br 


\uxx' — hxx'l'^ dx < Nk!^ (|LmP) 




This and dOl) prove the inequality (031) with {hxx')B^ place of 
{uxx')b ■ Now we need only notice that 


Br 


I dx ^ ~r \ dx 


Br 


The lemma is proved. 


□ 


5. Proof of Theorem 12.41 

In this section we suppose that all assumption of Theorem 12.41 are 
satished. Recall that 

Lu{x) = a^^{x)u^j^k(x) + IP {x)uj.j (x) + c{x)u{x), 

Lqu{x) = a^^{x)u^j^k{x). 

We use the maximal and sharp functions given by 
Mg{x)= sup f \g{y)\dy, 

»->0 J Br(x) 


g*{x) = sup f \g{y) - ig)Br{x)\ dy. 

r>0 J Br{x) 

Theorem 5.1. Let p, z/ G (1, cxo), l/p + 1/z/ = 1, and R G (0, cxo). 
Then there exists a constant N = N{d,S,p) such that, for any u G 
we have 


+ N [Af(|L„u|2)]‘''<""> , (5.1) 

where a = i>~^{d + 2)~^, [3 = 


ELLIPTIC EQUATIONS WITH MEASURABLE COEFFICIENTS 


19 


Proof. Fix K > 4, r G (0, cx)), and xq = (xq, Xq) G Introduce 

1 f 




\B 


a 


^^{x^,y)dy if nr < R, 




a^^{x^ ,y') dy' if nr > R, 


\B' 


R\ Jb'^ 
2\ 


A = M(|Lom|")(xo), B = M(|m,,|2)(xo), 

C= (M(|M,,| 2 '^)(xo))'/^ 

Set Lqu = W^{x^)Ux 3 xk- Then Lemma 14.81 along with the fact that 
K > 4 allows us to obtain 


\Uxx' K'^XX') Br{xo) 


dx 


Br(xo) 


(5.2) 


Bur (^o) 


for A > 4, where N depends only on d and 6. Note that 




\Lou\‘^dx<2 / \Lou — Lqu]'^ dx + 2 / \Lou\‘^ dx 


Bf^r ( 2^0 ) 


Bur (^0 ) 


(5,3) 


and 


Bkv (^0 ) 


\Lqu — Lqu\‘^ dx = 


Bur (^0 


\Lqu — Lqu\^ dx 


< 


/ |a —ap^dx 

B/^r (^0 

li Kr < R, we have 


l/u 


U 3 


Bur (^0 ) 


\ 1/m 


I < N 


f*XQ-\-K,r 


cJ-Kr- Jb’^^{x'q) 


|a(x^) — a(x^,x')| dx' dx^ 

< N{Kr)'^a*y^ < N{Kr)'^af'"'\ 


In case kt > R 

rR r 


I<N f I |a(x^) — a(x\ x')| dx'dx^ 


'-RJB'^ 


< < N{Krfa 


d#{x') 


R 


Hence 


Bi^r (.Xq ) 


|LoM—L oMpdx < N{KrY/^ 


A. 


Bur (^0 ) 


\ 1 //^ 

P'^dxj 
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From this and (jEl it follows that 

\lv 


(I^OMP) 


(^0 ) 


< N 


(ar'>) 


B/^r (^0 ) 


This and (lEi allow us to have 

Kx' - {Uxx')Brixo) ( 4 ^""'^) ' {Kx\^^)bI 


Br{xo) 


(a:o) 


< Nk'‘ (af'’’) C + Nk'‘A + Nk-^B, 


for all r > 0 and k > 4. In addition, the above inequality is also true 
for 0 < A < 4 since then 


\Uxx' i'^xx') Br{xo) 


dx < + \uxx'\'^ dx < B < 16k 

' Br{xo) ' J Br{xo) 

By taking the supremum with respect to r > 0, and then minimizing 
with respect to a > 0 , we have 


4x'(^o) 


1 2 


< N 


‘‘R 


Ijv 


C + A 


d+2 


Bd+2 


< N ( af C^B^ + NA^ B^, 


where N = N{d, 6, p). Notice that B <C. Thus by replacing B with C 
in the hrst term on the right we finish the proof. □ 

Corollary 5.2. For p > 2, there exist constants R = R{d,6,P,^^) o,nd 
N = N{d, 6,p) such that, for any u G C’^{Bb), we have 

\\Uxx\\Lp < iV||LoM||Lp- (5.4) 

Proof. Choose real numbers p > 1 such that p > 2/i. Then we use 
the inequality (EH) along with the Fefferman-Stein theorem on sharp 
functions and the Hardy-Littlewood maximal function theorem. We 
also use Holder’s inequality to have (note that p/2p > 1 and p/2 > 1 


II Ld — 


#(x')\ •.'(d+2) 
“R 


Mb 


L,+N\\L„u\\r:\\+Atr. (s.s) 


where Ijp + 1/u = 1, and N depends only on d, S, and p. Since 




jk 


E ur 


x^x'^ ? 


j^l or k^l 
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by using ra we arrive at 

(5.6) 

We now invoke Assumption 12.21 by which we can choose a sufficiently 
small R such that 

N, (o«''>) ^ < 1/2. 

Then we have 

\\\ur4L, < A'iii„«iu,+/viiL„«iiifii«..ii/y, 

which implies flOtl . □ 


Proof of Theorem \2.4 


Since we have an Lp-estimate for functions 
with small compact support, we can just follow the standard argument, 
which can be found in [B]. □ 
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